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Invariants of a System, of Linear Partial Differential 
Equations, avid the Theory of Congruences of Bays. 



By E. J. WlLOZYNSKI.* 



In a series of papers, published in the Transactions of the American Mathe- 
matical Society, the author has laid the foundations for a theory of ruled surfaces, 
based upon the consideration of the invariants of a system of ordinary linear 
differential equations. In the present paper, these considerations are extended 
to partial differential equations. The paper confines itself, for the most part, to 
a special case, and this for two reasons. In the first place, the complication of 
the more general cases is such as to make it appear unwise to attempt their 
treatment at present ; moreover, the real essentials of the method appear just as 
well in a special case. In the second place, the special problem considered has 
its own intrinsic interest, as it leads to a theory of congruences. A whole geom- 
etry seems to be possible on this basis. The theory of curves, of surfaces, of 
complexes, etc., can all be built up, and have in part already been built up, by 
considerations which are of the same character as those discussed in this paper. 

§1. Determination of the most general transformation which converts a general 
system of linear partial differential equations of the first order into another 

of the same hind. 

Let us consider a system of q homogeneous linear partial differential equa- 
tions of the first order 



22 aff a? + E^=°> oi=i, 2, ....?) (i) 

with the n unknown functions y 1 y n of the m independent variables 



* Of the Carnegie Institution of Washington. 
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ajj, . . . . x m . We wish to find the most general point transformation 
yk = gk(Zi im\ m> — >7n)> »i=/z(£i, — % m ; m> — »?»)» 

(*=1, 2 n), (1=1,2 m), (2) 

which will transform (1) into another system of the same form. 
"We have from (2) 

But after the transformation ri h is a function of £,,... . % m , so that 
and therefore 

But we also have 7 ^L a*, 

whence, substituting the above values for dy k and dx vi 

*=|(l:+|t |")*=|Sl(l+if is)]*. 

(&=1, 2, ....n). 

These equations must be satisfied for all values of cZ£ 1( d£ m , so that we 

must have 

(ft=l, 2, n; %= 1, 2, m), 

a system of mn equations whose solution would give the expressions for ^ in 
terms of the quantities J^ . These expressions must be linear if the transformed 
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of system (1) is to be again a linear system. But this will be so if, and only if, 

all of the partial derivatives ^z vanish, i. e. if the/, quantities are functions of 

on*. 

& £ ra alone. Equations (3) then become 

where now obviously the right members must be linear functions of 

30 < 



M, vin, o^ , etc. But this is so only if 

oil 



is a function of £ x , £ m alone, i. e. if 

9k = ct*o + <%2/i + + amy*- 

But the right member of (3a) must be linear and homogeneous in *7 1( >?„, 

||1 , etc. Therefore 

fe*-=0, (a = l, 2 m; &=1, 2 n), 

o£k 

i. e. a M can only be a constant. But it must even be zero, for else the new sys- 
tem obtained from (1) by the transformation, while again linear, would not be 
homogeneous. 

We have, therefore, the following result : The most general transformation 
which converts system (1) into another of the same form, is homogeneous and linear 
in the dependent variables, but entirely arbitrary in the independent variables. The 
general form of the transformation is 

3fe = a*i»7i + «*3>72 + + afa»n», (4 = 1, 2, «), 

a* =/,&,& U> (1=1,2, ....m), 

where a M and f are arbitrary functions of £ x , £„, subject of course to the restric- 
tion that the determinant 

and the Jacobian off f m with respect to &, £ OT shall not vanish. 

This theorem applies of course only to a general system of form (1) and to 
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transformations which have no special relation to the system considered. The 
same remark applies to Staeckel's proof of the corresponding theorem for a 
single ordinary linear differential equation* as well as to my own proof of the 
corresponding theorem for a system of such equations, f It is easy enough to 
see that the theorem may be extended to cover systems of partial differential 
equations containing higher derivatives than the first, moreover not necessarily 
linear but still homogeneous. All of these results are simple consequences of Lie's 
theory. 

§2. — Introduction of the special problem. General remarks on the calculation 

of the invariants. 

We shall, in this paper, confine our attention exclusively to the special 
case of two equations with two dependent and two independent variables, viz. 

&=ay 1 + by % ■+- cz x + dz % + ey -\ fz = 0, j , . 

H'= a'y x + Vy t + dz x + d% +e'y+f'z=oj K ' 

»=%> *=£• <*='.»> « 

and where a, b /' are functions of x x and a; 2 . 

Let a, 8, y, 8, g and h be arbitrary functions of £ x and £ s such that the 

determinants aS — By and ^ ,y ' /. do not vanish. Then, as we have seen in 81, 

the most general transformation which converts (1) into a system of the same 

character is of the form 

y = an + ££, z = yn + 5£; ) , g . 

But clearly one may also consider instead of (1), any system of the form 

$£l + W = 0, ^il + on' = 0, Qo — ^x^ (4) 

for these two systems are entirely equivalent. Since the coefficients of (4) are 
simple combinations of those of (1), the operation of replacing (1) by (4) may 
also be looked upon as a transformation. 

In calculating the invariants of (1) we shall apply these various transforma- 

* Staeckel, Crelle's Journal, Vol. 111. t Wilczynski, Am. Jour, of Math., 1901. 
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tions successively. We shall call those functions of the coefficients of (1) which 
remain invariant under the transformation 

y = avi + /3£, a = y»7 + 3?, (5) 

where a, fl, y, S are arbitrary functions of x x and x 2 , pseudo-invariants. Those 
functions of pseudo invariants, which are invariant under the additional trans- 
formation which corresponds to the substitution of (4) in place of (l), shall be 
called seniinvariants. Finally, those functions of seminvariants, which do not 
change when the independent variables are arbitrarily transformed, shall be 
called invariants. A similar nomenclature is to be applied to the covariants. 

§3. — Determination of the pseudo-invariants. 
If we apply transformation (5) to system (l), a new system 

n=o, W=0 

is obtained, whose coefficients are 



a = aa-+-cy, c=a(3-\-cS, "] 

b = ba + dy, d = b(3 + dS, I 

e = aa x + ba 2 + cy x + dy 2 + ea + fy , 
/= aft + 6ft + cS t + dS 2 + e@+fS, 



I 



(«) 



while a', V, etc., are given by the same equations if every letter a, b, c, etc., be 
replaced by a', b', c', etc. 

The transformations (5) form an infinite group, which may be defined by 
differential equations (in the sense of Lie). Therefore, Lie's theory of such 
groups may be applied. The most general infinitesimal transformation of this 
group will be obtained by putting 

a = l + X8t, P = p8t, y = vSt, S=l + pSt, 

where St is an infinitesimal and where X, (i, v, p are arbitrary functions of x x 
and x % . The corresponding infinitesimal variations of a, b, c, etc., maybe easily 
computed from (6). They are 

Sa = (Xa + vc) St, Sc = (fia + pc) St, 
Sb = (Xb + vd) St, Sd = (ftb + 9 d) St, 
Se = {X x a + Xfi + v x c + v%d + Xe + vf) St , I (7) 

¥ ~ (pi® + Pa* + pi c + ?$ + i"« + p/) St , 
etc. etc. 
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If any function F of these quantities is an absolute invariant under trans- 
formation (5), hF must vanish for arbitrary values of %, fi, v, p and of their 
various derivatives. The system of partial linear differential equations thus 
obtained for F is always a complete system according to Lie's theory. Although 
we shall be able to obtain most of our invariants without integrating such systems, 
we shall always use them to furnish the proof of the completeness of the system 
of invariants obtained otherwise. 

Prom equations (6) it is obvious that 

i = ad — be , i' = aid 1 — b'c',~ 

h = ad — a'c, I =bd' — b'd, - (8) 

m = ad' — b'c , n = a'd — bd , 

are relative pseudo-invariants, their quotients being absolute pseudo-invariants. 
Each of these functions satisfies the equation 

F=(aS — (3y)F. 

These pseudo-invariants involve merely the eight coefficients a, b, c, d; 
a', V, d, d'. If we set up the complete system of partial differential equations 
satisfied by pseudo-invariants of this kind, we find that it contains 4 independent 
equations and 8 variables. Therefore, there are only four independent absolute, 
and only five relative pseudo-invariants depending on these variables. 

In fact, there is a syzygy between the quantities (8), namely, 

W — mn — hi = , (9) 

and we shall take 

i,i', h, I and t = m — n (10) 

as our system of pseudo-invariants, for these five are independent. That this is 
so may be easily seen if we put 

b' = 0, d — d!=\. 
For then 

i = ad — be, i' = a', k = a — a'c, ?=&, t = a + b — a'd, 

and the Jacobian of these five functions with respect to the five variables 
a,b, c, d,a', disregarding sign, is 

a' (a — b + a'd), 
and this does not vanish identically. 
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If we set up the system of partial differential equations, satisfied by the 
pseudo-invariants depending on the quantities 

a , . . . . a ; a , . ■ ■ ■ a ; e , f ; ^ (\i\ 

a k , d k ; a' k , d' k ; e', f; (h=l, 2)- \ 

we find that it consists of twelve independent equations with 28 independent 
variables. There are therefore 16 independent absolute or 17 relative pseudo- 
invariants containing these coefficients and their first derivatives. 
In order to construct them we put 

P = e — a 1 — b z , p' = e' — a[ — b' z ,} , 12 >. 

q=f-c 1 -d i , qi=f-c[-d>.) K ' 

It is easy to see that the pairs of quantities 

p, q\ p\q'\ a, c; b,d; a!,d\ b',d'; 



(13) 



are all transformed by the same equations, i. e. as we shall say are cogredient. 
Therefore the determinant of any two of these pairs is a pseudo-invariant. 

Let us put r = aq — op , r' = a'q' — dp 1 , ) 

s = bq — dp , d = b'q 1 — d'p'. ) 

Then these quantities are pseudo-invariants. 

Moreover if q> and 4 are two pseudo-invariants, for which 

^ = A n 4>, 4> = A"4, A = ao' — (3y. 



we have 



$ 4- ♦ * 



where , dty .34 



dx k ' Y " : dx K 



Therefore, ^ — tyfa = A* n (<p h 4> — 4>^) • ( 14 ) 

Let us denote $ k 4> — ty4*h by (<fy k , 4) and call it the WronsJdan of $ and 4 with 
respect to x k . It is clear then that the Wronskians of two such pseudo-invariants 
are again pseudo-invariants. 

We can, therefore, write down the following list of 17 pseudo-invariants, all 
of which contain only the 28 quantities (11) : 

i, i>, h, I, t; (i k , t), {i' k , t), (h, t), {l k , t); r, s, r>, s>; (k= 1, 2). (15) 
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They are independent. For the first five are independent of each other, as we 
have already seen. Each of the next eight contains a quantity which is not 
contained in any preceding one, so that the first thirteen are independent. The 
last four contain the additional variables e, f, e 1 , f in four independent combina- 
tions, so that there can be no relation between the seventeen pseudo-inva- 
riants (15). 

We continue our search for pseudo-invariants by asking for all those which 
contain, besides the variables (11), the second derivatives of a .... d, a' .... oV, 
and the first derivatives of e, f, e 1 , /', i. e. altogether sixty quantities. The sys- 
tem of partial differential equations will consist, in this case, of twenty-four equa- 
tions, obtained by equating to zero in hF the coefficients of >l, (i, v, o and of the 
first and second derivatives of these functions with respect to x x and x % . These 
twenty-four equations are independent. In order to abbreviate the proof of this 
statement, let us represent the matrix of the fourth order : 

a b 

a b 

c d 

c d 

by M, and a matrix of the fourth order all of whose terms are zero, by 0. If we 
now write down the matrix of the coefficients of our system of partial differential 
equations, we find in it the following determinant of the 24th order 












M 




















M 




















M 





M 





1M X 


M 2 






M M x 2M % 
M M x M % M n M 12 M w 



where M x is the same matrix as M formed with a u b x , etc. This determinant 
does not vanish. Therefore the 24 equations are independent. 

This system of 24 equations must therefore have 60 — 24 = 36 independent 
solutions, i. e. there must be 36 absolute, or 37 relative pseudo-invariants 
depending on these 60 variables. 
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We can easily form the twenty new pseudo-invariants. According to (14), 
the sixteen Wronskians 



((h, t)l,*), ((H,t)u#), ((h.thf), ((?!, t) u ?), 

((Hi f )z, "f 2 ). etc., 

((»n 0«i * 3 )> etc -> 

((Hi Oit * 3 )- etc -> 



(16) 



are such pseudo-invariants. But only twelve of these are independent, for 
we have 

((i,,*)!, f) = ((h, t\, f), etc., (17) 

as may be seen by direct computation. 
The following eight quantities 

(r lt t), (r„t), (r[,t), (ri,t),\ (ls) 

are also pseudo-invariants. Together, we now have the twenty new pseudo- 
invariants. For, they are independent of the previous seventeen, and of each 
other, as each of them contains a variable not contained in any previous one, viz. 

*ii> *ii> «ii> nit 

*22» *22> "182 > '22 > 
*12> *12i &12> *12> 

af ! — <%!, af — ce z , a'f{ — de[, a'fl — c'e^, 
bf — de^ bf z — de 2 , b'f{ — d'e[, b'fi — d'e^, 

where the last eight are independent combinations of the eight variables e lt . . . . fy 

Of course this process for obtaining pseudo-invariants can be continued. 

There are 65 relative pseudo-invariants containing no higher derivatives of a, 

b, . . ■ -a! than the third, and no higher derivatives of e /' than the second. 

For, the corresponding system of partial differential equations consists of 40 
equations with 104 variables. These pseudo-invariants can all be obtained by 
continuing the Wronskian processes in an obvious manner. A simple induction 
completes the proof of the following theorem. 

The pseudo4nvariants of (1) are all functions of i,i', h,l,t,r, s, r 1 , s' and of 
the quantities obtained by combining these with powers of t according to the 
Wronskian process. 

§4. — Determination of the seminvariants. 
Let us now consider the system 

4>a + w — , • 

45 



o!} (19) 
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instead of (1), to which it is obviously equivalent if 

A = 4>o — ^=£°> ( 20 ) 

the functions q>, 4>, %, a of x x and x % being otherwise arbitrary. Then system 
(19) is of the same form as (1), and denoting its coefficients by capital letters, we 
have 



A = tya + ^>d, 

C = $c +4' G ', 
D = $d + «ifcP, 
E = $e + 4>e', 
F = <pf+4f, 



(21) 



A' =^% a + aa '< 
B' = z b + oV, 

V' = X G + ac '> 
D' = xd + ad', 
E' = %e -foe', 
F' = X f+of. 

We can therefore regard the process of replacing system (1) by (19) as a 
transformation upon the coefficients of (1) by means of the equations (21), which 
are obviously again the equations of an infinite continuous group which can be 
defined by differential equations. 

Seminvariants are such functions of the coefficients of system (1) and of 
their derivatives which are invariant under this transformation besides being 
pseudo-invariants. 

Denoting systematically the various quantities formed for the new system 
by capital letters, we easily find 

I = q?i + q>ty (m + n) + ^H', 
ji — ffi + % a (m + n) + aH', 
K=Ak, L = Al, T=At, 

so that h, I and t are at once seen to be seminvariants, as are also the combina- 
tions (hi, t) and (l u t), and all others obtained by a repetition of this process. 
We again introduce infinitesimal transformations by putting 

q>=l + e&, 4> = &t, x = ^t, 6) = l-|-0&, 

where s, £, 37, B are arbitrary functions and St is an infinitesimal. 

then find immediately 

$i = 2ei + t,(m + n), ' 

W = yi (m + n) + 20*', 
hh=(e + Q)le, 
M=(e + 6)l, 
8t={e + ff)t, 



(22) 



From (22) we 



(23) 



(24) 



(25) 



Differential Equations, and the Theory of Congruences of Bays. 329 

where the infinitesimal factor U has been omitted everywhere on the right mem- 
bers. 

Remembering that 

(4, t) = i k t — it k , ((m + n) k , t) — (rn k + n k )t — (ni + n) t k , etc., 
we find from (23), again omitting the infinitesimal factor, 

« (4, t) = 3e (h, t)+S ((» + «)*, + (4, <) + & (m + n) — 0A " 
5 (4, *) = e (4, *) + y, ((to + n) fc> «) + 30 (4, <) + »?** (m + n) — ejt, 
8(h,t)=2 (s + 6)(h,t), 
5(4,0 = 2 (e + 0)(4, 0. ^ ' '* 

From equations (12) and (13) we find 

Sr = 2er + %u — £j& — e z i — % z ni ,' 
Ss = 2gs + £v + e x i + £> — £j7, 
ftr 1 = 20r' + yju -j- ^ — %n — 2 i', 
8s 1 = 20s' + yiv + Yi-^m + 0^'' + vi z l, 

where we have put 

w = a ? ' — cp' + a'g- — c'p,) (2) 

v = hq' — dp 1 + b'q — d'pj K ' 

which quantities are manifestly pseudo-invariants which could be expressed 
algebraically in terms of the standard set. 

Let us make a table of these infinitesimal transformations. At the head of 
each of the seventeen columns we place one of the functions 

i, »', h,l,t; (4, t), (4, t), (h, t), (4, t) ; r, s, r\ s'. 

To the left of each horizontal row we write one of the letters s, £, 57, 0, s ly etc. 
The infinitesimal transformation of any of the seventeen quantities i, i', etc., is 
then easily obtained by looking at the corresponding column in the table. 
Bach of the quantities in that column is multiplied by the arbitrary function to 
the left of the row in which it is found, and the sum of all such products is the 
infinitesimal transformation required. 

But this table, at the same time, serves another purpose. It gives the coeffi- 
cients of the system of partial differential equations, whose solutions are the 
seminvariants depending upon the seventeen variables considered. For example, 
the quantities in the first row of the table are the coefficients of the equation 
-dF, h dF.jdF,.dF, ti( . A dF , etc _ 
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which is obtained by equating to zero the coefficients of e in the general expres- 
sion for bF. We may then speak of equation e, equation £, etc. 
The table now follows : 
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Let us consider the ten equations which are obtained by omitting equations 
e and d . None of these ten equations contains the partial derivatives of F with 
respect to any of the seven quantities h, I, t, (& if t), (Z,-, t). These ten equations 
contain only the derivatives with respect to the other ten variables. But the 
determinant of these equations may be evaluated without much trouble. Disre- 
garding its sign, it is equal to 

t* (to + n)W(£ — AM + Zii'f, 

and therefore, in general, different from zero. But this shows that the partial 
derivatives of F with respect to the ten variables here considered must be zero. 
In other words, these seminvariants must be functions of h, I, t, (7c it t), (l it t) 
alone. These latter quantities are themselves seminvariants. Therefore : 

All seminvariants which contain no higher derivatives of the coefficients 
a, b, . . ■ ■ d' than the first and which contain no derivatives of the coefficients 
e , /, e 1 , /' are functions of the following seven : 

h,l,t; (*,,*).&.<)> (*=1. 2). 

If we were to continue this method of determining the other seminvariants 
one step farther, our system of partial differential equations would show us, that 
there are two new seminvariants which cannot be formed from the previous seven 
by the Wronskian process. But, while it is possible to determine them, the 
amount of labor necessary for this is very great, and we prefer to avoid it by 
introducing from now on a normal form, which we shall consider as being pre- 
served by all transformations of the differential equations (1). 

This normal form can in general be obtained by merely solving a quadratic 
equation. We can make i and *' vanish by choosing $, #, ^ and a appropriately. 

In fact if we put 

q> — m + n + V (m + nf — Aii', 4* = — 2*. 

^ = to + n — V(wi + nf — 4m', a = — 2i , 

the pseudo-invariants / and /' for the system 

$n + iKl'=0, ^fl + 6)H' = 0, 

will be zero, as shown by equations (22). This can always be done unless 

(m + n) 8 — 4u' = t — 4M = 0, 

which case we shall leave aside for the present. 

Suppose that this reduction has been effected, so that i = *' = 0. The trans- 
formations (3) do not disturb these relations. But the transformations (21) do, 
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in general. Equations (22), together with the condition <£g> — ^Z^®' show 
that the only transformations of form (21), which leave invariant the system of 
equations i = i' = 0, are those for which either 

4 , = £ = or <j> = o = 0. 

But such transformations either convert every pseudo-invariant into itself, or 
change its sign, or at most interchange two of them, so that 

& 2 , P, f, rr', r + r', ss 1 , s + s' 

are invariant for all such transformations. 

If, however, we disregard those transformations that interchange the two 
operators £1 and Q! we may say that for the normal form of our system of partial 
differential equations, which is defined by the conditions i = i' = 0, the quantities 

h, I, t, r, s, r', sf 

and those obtained from them by the Wronshian process constitute a complete system 
of seminvai-iants. 

This normal form can always be obtained by solving a quadratic, except if 

f — 4M = 0. 

§5. — Determination of the invariants. 
If new independent variables be introduced by putting 

& = a*(»i. a?s)> (&= 1, 2), 

we find 9#_ _ <ty Ml + JbL %. (k = 1 2). 

dx k d%! dx k d% % dx k ' 
If then we put 

dxi ' dx % r ' dxi ' dx z "' 

we must assume hp — fiv different from zero. If we denote the coefficients of 
the transformed system of differential equations again by a, b, etc., we find 

a = ah + bp, a' — a'% + b'fi , 

b = av + bo , V = a'v + b'p , 

c =ch + dp, c' = c'% + d'fi, i 

d, = cv + dp , d! = c'v + d'p , ' j 

e = e , ? = e', 
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(28) 
(29) 



From these equations it is easy to obtain the following : 

Jc = X > Jc + (i 2 l + %(it, 
I = v*k 4- p*l + vpt , 
t = 2%vk + (ty + fiv) t + 2(ipl , 

whence f — 4M 

is seen to be an invariant. 

It is necessary to obtain formulae which shall show how to find the effect of 
this transformation upon the derivatives of a given function. Let / be such a 
function of a, b, c, etc., and let /denote the corresponding function of a, b, etc., 
these being functions of £ a and £ a , and therefore also of x y and x 2 . We have 

d%! = Xdxi + (tdx z , di-% = vdx 1 + pdx % 

whence Adx t = pd% x — (id^ , Adx 2 = — W& + /U#- s , 

where A = %p — (iv . 

Therefore, we find 

dlx dxi Y dx. 2 ' 9£ 2 dxx 

In particular, let the transformation be infinitesimal, so that 

where e is an infinitesimal, while x, n, a and * are arbitrary functions of x t 
and x % . Then, neglecting infinitesimals of higher order, 

f = f+hf, A=l + (* + *)«, 
and, therefore, substituting in (30), 

\3a; 1 / ~~ dx x \ 8a;! dx % J 

df\ _ d (hf) (^ df ± „ dt 

dx« 



" + !£*■ 



(30) 



(31) 



\dxJ 



dx % 



-(.«¥■ + 

\ ax x 






(32) 



We proceed to find the infinitesimal transformations of the various seminva- 
riants. We have first (omitting the infinitesimal factor e), 



ha = xa + nb , 
8b = aa -+- tb , 
he =xc + nd, 
hd = oc + *d> 
he =h/ = , 



ha' = xa' + nb' , ' 
hb' = <sa' + *V , 

^C' = JCC' + 7lC?, 

he' = hf'=0 . 



(33) 
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Substituting (31) in (28), we find 

hh = 2xk + 7tt , 

Si = 2*l + ct, 

St = 2ak + (x + t) t + 2nl. 

Therefore, making use of (32), 

S{k 1 ,t) = 2x(k 1 ,t) + 27t(Jc 1 , 0-ffft,<)+^ft.<) 

+ xjet + n 1 (f— 2H) — 2a J$ — vjct , 
S (h z , t) = Sx {h, t) + n\2 fa, I) - (k u t)] 

+ xjet + 7t 2 (f — 2M) — 2a^ — *Jct , 
8 (I,, t) = — a [2 (h, + Qz, *)] + 3r ft, t) 

+ -r^ + Cj (t % — 2U) — 2?t/ — xjt , 
S (l it t) —x (l„ t) — n (?!, *) — 2<r (& 2 , Z) + 2? (? 2 , *) 

+ <t z lt + (r 3 (< 3 — 2U) — 27t/ — xjt . . 



(34) 



(35) 



Similarly, remembering the defining equations (12) of p, q, p', g J , we find 

Sp = — x x a — nib — <r 2 a — v 2 b , Sp' = — ^a' — 7t x &' — <7 2 a' — <r a &', ) ,„„•. 
&? = — «ic — 7tid — cr 2 c — *<$, Sq' = — j^c' — Tt x d! — a % d — v 2 d'> ) 

whence 



Sr = xr + 7ts — (7t a + <r 2 ) *, Sr' = xr 1 + 7is' — (n x + *») *'. 
Ss = <yr -f tts + (^x + (T 2 ) *', 5s' = (Tr' + ts' -\- {x x + (T 2 ) *'• 



For the normal form for which i = i' = 0, we have 

$r = xr -f ts > Ss = err + ts , 
Sr 1 = xr' -\- 7ts', Ss 1 = ar 1 + ts' 



;:f 



(37) 



(38) 



Any function of the seminvariants k, I, t; (Je { , t), (l t , t); r, s, r' and s', which 
is an absolute invariant under the most general transformation leaving the normal 
form i = i' = unchanged, must therefore be a solution of the system of twelve 
partial differential equations which is represented by the following table. The 
letters x, t, etc., to the left of each row indicate that the quantities in that row 
are the coefficients of the equation obtained by equating to zero the coefficient of 
x, t, etc. in the general expression for bf. The letter at the top of each column- 
indicates that the quantities in that column are the coefficients of the partial 
derivatives with respect to that quantity. 
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The determinant of equations n 2 and <r 2 is f(f — Akl) , and therefore not zero. 
This shows that (&», t) and (? a , t) cannot occur in such an invariant. From equa- 
tions 7t x and Oi one concludes that the invariants are also independent of (k lt t) and 
(?!, t). The system now reduces to one of four equations in seven variables, so 
that there must be three absolute or four relative invariants. Of these we already 
know one, viz. 

% = & — Akl. (40) 

The other three are 

© = ?r s — trs + ks*, ®> = lr' z — tr's 1 + hs'\ $ = rs' — r's . (41) 

§6. — General properties of invariants and covariants. 
We have noticed in the preceding paragraphs that every invariant is multi- 
plied by a power of each of the determinants ah — @y,Qa — "$>%, ^ -& 

— ^i -t^, when all of the transformations here considered are performed. This 

could have been proved a priori without first computing the invariants, and is 
also true of the covariants. The proof for this would be very much like the 
corresponding proof in the theory of algebraic invariants. 
If we make the special transformation 

y = ay, z = az, a = const., 

it is seen that every covariant must be a homogeneous function of y,z,y k , z k , 
etc., as well as of the coefficients a, b, etc., and of their derivatives. 

Let ^ be any pseudo-covariant homogeneous of degree k in the coefficients, 
and of degree i in the variables. If we make the transformation 

y = ay + @z, z = yy + hz (1) 

or « — %y — fa ? _ — yy + az 

y ~ah — (3y' ah-(3 Y ' 

we find from equations (6) 

a = aa + cy, etc., 

and since we know that 4> will be equal to 4- multiplied by a power of aS — (3y , 

the exponent of this power must be — ^— since i|/ will be a homogeneous func- 

tion of a, (3, y, 8 of degree k — i while aS — fty is homogeneous of degree 2. 
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For our purposes of calculation it was convenient to write our transformation in 
the form (1). But if we make it a rule to always write our equations of trans- 
formation solved with respect to the new variables, we should have 

y = ay + (3z, z = yy+$z, 
and correspondingly 

If 4* is also a semicovariant, we find that for the transformations, which 
correspond to replacing the system fl = £1' = by 

4 is multiplied by 

(<pa— 4>z) 9 - 

Make now a particular transformation of the independent variables 

£i = casi , £ 2 = or, , 

where c is a constant. Then 

y = y, y k = c- l y k , y kl = c- z y M) etc., 

a = ca, etc., e=e, etc. 

Every quantity is multiplied by some power of c. Let us say that a quantity 
multiplied by c w is of weight w. Then clearly every invariant or covariant must 
be isobaric, and an arbitrary transformation of the dependent variables multiplies 

V) 

it by (ty — (iv) z . 

Let us unite our results in a theorem. 

Every rational function of y , z, a, b, c, etc., which has the property of being 
absolutely invariant is a quotient of two homogeneous isobaric rational integral 
functions of these quantities which are relative invariants. 

Let Iffi be such an integral rational invariant function, of weight w, of degree i 
in the variables, and of degree h in the coefficients. If the system 

£1 = £V — 

be transformed by putting first 

y = ay + @z, z = yy + 6z, & =f (a* , x 2 ) , &=/,(&, as,), 

and then by replacing it by 
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the transformed invariant is 

i — k k w 

Since the exponents must be integers if / is a rational invariant, we see 
further, that both of the degrees and the weight of any invariant function must be 
even numbers. 

For invariants proper i = 0. From two such invariants of degrees k lt h z of 
weights vh, w s we can obtain an absolute invariant, if and only if two integers /W 
and \ can be determined so that 

XA +XA =0, 

i.-e. if, and only if, 

h i w t — h % w x = . 

For our four invariants we have the following table of weight and degrees : 



Invariant. 


Weight. 


Degree 


d 


4 


4 


£ 


2 


4 


© 


4 


6 


®' 


4 


6 



Therefore only one absolute invariant is obtained namely ©/©'. 

§7. — Geometrical interpretation. 

Let us write the equations (l), putting into evidence the dependent variables, 

as follows : 

n(y,») = 0, £l'(y,z) = 0, (42) 

and let y ik \ rf k) for & = 1 , 2, 3, 4 be four pairs of simultaneous solutions, so that 
n (yW, «<») = o , Q! (y<» b« j = , (& = 1 , 2 , 3 , 4) . (43) 

Let us interpret «/ (& ' and 2 (fc) as the homogeneous coordinates of two points P y 
and P z in space. We shall have 

t/ m =f w fa,x,) *» = d°*ix l ,x t ) (£=1,2,3,4) (44) 

when these solutions are known. As <x x and x z assume all of the values of which 
they are capable, P y and P z will describe two surfaces S v and S,, which 
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moreover will be placed in a point-to-point correspondence, those points being 
corresponding points which belong to the same set of values (a^, jc 2 ). 

An arbitrary change of the independent variables, clearly does not change 
these surfaces, nor does it change the point-to-point correspondence between 
them. The most general transformation of the form 

y = a (jc 1( x z ) v\ + (3 («!, x z ) £, z — y (a*, x 2 ) ri -4- I (x lt a; 2 ) £, 

clearly converts the points P y and P t into two others, P v and P ( , situated on the 
line Ly t joining P y and P s . If then we consider the congruence of lines joining 
the corresponding points of the two surfaces S y and S s , this congruence will be the 
same for all of the systems of differential equations equivalent to (1) by trans- 
formations of the infinite group considered in this paper. 

But it is necessary to examine this somewhat more closely, so that we may 
see to what extent this geometrical image is characteristic of our system of differ- 
ential equations. 

Let the functions f (k) and g {k) in (44) be any functions of x x and x % whatever, 

and put 

y = cyto + crf» + c 3 y& + c^\ 1 , . 

Z = C X Z^ + C Z Z™ + C 3 2 (3 > + C^\ J ^ ' 

where c x . . . . c 4 are arbitrary constants. By differentiation we find the following 
four equations: 



(46) 







£-s 


3«« 


dx % 


^i dyW ' 


. 




dz ^ dz<® 

dx 1 ~£ i Ck dx 1 ' 


dz ^1 3i3« 

dx 2 ~ ii Ck dx, \ 




"We can 


eliminate c x , . . . . c 4 in two different ways, and thus obta 


equations : 








y . 


y a) y m 






Z , B® ..... 3<« 




dy 


a^u 3yW) 






dy dy® 3j/«> 




3V 


dx x ' dxi 






dxi ' dxi ' dx x 




dy 


dy m dy fi) 






dy dy® dy^ 


A = 


3» ^ , 


dx 2 ' dx z 


= 0, 


A = 


dx z ' dx 2 ' dx 2 




dz 


dz® a*<*> 






dz_ dfl df^ 




3V 


dx x ' dxy 






dxi ' dx x ' ' dxi 




dz_ 


df> 3^ 






dz_ <te® 3s (4) 




dx 2 ' 


dv 2 ' dx 2 






dx 2 ' dx % 


dx % 



= 0, (47) 
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which are of the form of system (1) and are satisfied by the four pairs of func- 
tions y (k \ a w . Moreover, this system is essentially unique. We have eliminated 
in such a manner as to make/= 0, e' = 0. Had we eliminated differently, the 
reduction to this form could be accomplished a posteriori, and, moreover, as equa- 
tions (21) show, in essentially one way. 

In order that (47) may be a determinate system, it is, of course, necessary 
that each of the matrices 



y 



<k) 



-,(#) 



dy m 
dx x ' 


dy m 
dx 2 ' 


dxi ' 


dx % 


dy {k) 
dx ± 


dy^ 
dx % ' 


dx x ' 


dz™ 
dx 2 



(4=1,2,3,4) (48) 



should contain at least one non-vanishing determinant of the fourth order. This 
we shall assume to be the case, and we will not here enter upon a discussion of 
the meaning of the exceptional cases. 

We see that to every congruence there belongs, in general, a system of par- 
tial differential equations of the form (1), namely, the system (47). 

But there are an infinite number of congruences giving rise to the same 
system of differential equations. In the first place it is clear that (for arbitrary 
constant coefficients c k ) 

4 4 



„(*) 



ft=l 



fc=l 



also constitute a simultaneous system of solutions. But this means that every 
congruence, obtained from the given one by projective transformation, gives rise 
to the same system of differential equations. But more than that. Equations 
(47) merely express the fact that, if we denote by Fand Z any possible pair of 
solutions, while y {!c \ a w represent four particular pairs of solutions, the following 
conditions must be satisfied 



F=2*^ w , ^ = 2<M (fc) > 



dr 

dx x 



fc=i 

4 



s>. a -^ 



fc = l 

4 



*=1 



dx k 



= 2>a^> (a- 1,2). 



dx. 



s=i 



(49) 



If the quantities <p k are constants we get the case just noticed. But the equations 
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(49) may be satisfied even if the quantities q> n are not constants. All that is 
necessary for this, is that they satisfy the conditions 



2> 



(*) 



<% 



°> 2 : 



.(*) 



dx x ' *-i dx K 

But this is equivalent to demanding that 



(Jl=l,2). 



(50) 



dxi 



and 



dx 9 



shall be the coordinates of two planes passing through L yz . 

If we denote the coordinates of any two such planes by u ik) and v ik) , we 
may put 



9<?>fe _ 



dxi 






(51) 



where X lt (i lt /l 2 , (i 2 are arbitrary functions subject merely to the integrability 
conditions 

~£r (JWttW + ^ = "air ( ^ w + ^ vW) ■ {Jc = 1 ' 2 ' 3 ' 4) • (5 2) 

We can express this result in another way. If X (1) .... 2/ 4) , fi a) .... /h (4) are eight 
arbitrary functions, and we denote the minors of t a) .... t w in the two deter- 
minants 



tP> t® t™ * (4) 

yd) y(2) y<3) yd) 

a (l) a <2) a (3) g(4) 

ji<» x (s) a, (3> a (4) 



and 



£(1) £(2) f(3) t (i) 



y m 
am 



2/ 



(4) 



,(4) 



/*' 



(4) 



by m (1) .... m (4) and v a) ■ • ■ ■ v {i) respectively, then w ( *° and v w are the coordinates 
of any two planes passing through the line L yi of the congruence. Determine 
the functions Jl (1) .... (i (i) in the most general way, so as to satisfy the conditions 



3a; 2 3% 



so that we may put 



w 



(*) 



_9* 



3a;i ' 



% v (h) __ 3$fc 



3a; 2 ' 
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Then the most general solution of system (1) is 



fc=l 



fc=l 



the four pairs of particular solutions (y m , z {k) ) being such that not all of the 
determinants of the fourth order in the matrices (48) become equal to zero. 

Under these assumptions we can deduce a system of partial differential equa- 
tions for u (k) and v ik) similar in form to (1), and which may be spoken of as being 
adjoined to (1). For, with our interpretation, it represents the same congruence 
as (1), the lines of the congruence, however, being obtained as intersections of 
corresponding planes instead of as lines joining corresponding points. 

As a matter of fact we shall have 



2( 

2( 



(JO 



(*) 



dy^ , du™ 



dy™ 
dxo. 



+ 



dx 1 



y») = 0, 



jx 9j 



f c) ) 



0, 



etc. 



Now we have 
and therefore 



D. (y*\ g») = , H' (y*\ a*>) = 
2« w ^(2/ w .2 <ft) ) = 0, etc. 
whence, making use of (53), 

or again according to (53), 



dz {k) 



™a« w 



du m 



2>"£- + »!>"£: + «S 



3£Ci 



.(ft) 



dx. 



+ ^2 z(fc) 



dx 2 



We find thus the first of the following four equations : 



2,<'>(«!^ID+2^t^lD=°. 



da?! c7x 3 / 



S^(»'^ + ^) + 2-(^ + 0=o, 



ctei da; 3 / 



0, 



(53) 
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whence 

(at! - a!b) 5><*> |J + {ac<- a'o)2 ** %~ + («* - afd)2 a<W ^ = ° > 

Eemembering that we have assumed 

dx% dxi 
we find by subtraction 

± *» [ K - «>0 % + (ad' - a'd) *? + (W - *) ^ 

+ (^'-6^)^1 = 0. 

By a similar process we can obtain another equation precisely the same except 
that z (k) is replaced by y {k \ But any set of four quantities which satisfies two 
relations of the form 

2y v = o , Yf )w(k) = ° > 

may be considered as the coordinates of a plane passing through L yz . We may 
therefore write down the result that the quantities u [lc \ v w of our previous theo- 
rem satisfy a system of partial differential equations of the form 

K - «<«) £ + («* - «<<*) || + (W - W) £ + (M - W) £ 

+ - + P« = 0, *-*=0.(M) 

The values of i> and p will depend upon the choice of the quantities ^ (1) .... /l (4> , 
(i a) . . . .^ (4) subject to the conditions of the previous theorem. 

47 



344 Wilozynski : Invariants of a System of Linear Partial 

It follows at once that the functions ty c are solutions of the differential equa- 
tion of the second order 

h &$ t d*<p , ? a 2 4> , v 3ft , d$ _ , 55) 

if we remember the significance of the quantities h, I and t. 

§8. — Developable surfaces of the congruence. 
Suppose that we have four pairs of simultaneous solutions of system (1), 

y« = f k \x v x 2 ), z<* = g*\x u a*), (* = 1 , 2, 8, 4) (56) 

the conditions being fulfilled under which they determine a congruence. If we 
put in (56), 

»i = <M0> *8 = to(<). ( 57 ) 

we obtain two curves, c y and c z and those lines of the congruence which join cor- 
responding points of the two curves are to be considered. They form a ruled 
surface of the congruence. The question arises as to the existence of developable 
surfaces made up of lines of the congruence. 

If we imagine (57) substituted in (56), we find for every index k, 

dy dy *./ i 3y ,/ dz dz , , . dz , 

i = 3t^ + ^i <?,2 ' dt-dx\^ + ^*»' 

But the surface in question is a developable surface if, and only if, the 
tangents of the two curves c y and c z constructed at corresponding points intersect, 
i. e. if, and only if, it is possible to satisfy the equation 

ly + v <k + (1Z + of t = 0, 



where %, p, v, o are functions of t, by putting y=zy (k \ z = z ik \ for (h= 1, 2, 3, 4), 
i. e. if, and only if, X, (i, v, o can be determined so that 



^+^+"(l* : +H*0+f(S* i +S*0= o - < 58 > 
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But y and z satisfy the equations 

ft(y,ss) = 0, ft'(y,s) = 0. 

We may combine these into an equation 

a£l (y, z) + a'Q! (y, z) = 

which becomes identical with (58) after substituting into it the values (57) for 
ajj and x % . 

For the identity of these two equations we must have 

oca + a'al = v${, ac + a'c' = q$[, ae -+- ale' = "k,\ ,~\ 

ah + a'b' = v$' % , ad+a'd' = p$, a/ + a'/ = ^. j ; 

From the first four equations, eliminating a, a', r and p, we obtain 

a a' $[ 

b V q>' 2 

c c' $ 

a" <? $£ 



= 0, 



or, expanding and remembering the significance of &, Z and t, 

Wi— tyi#+fttf=0, (60) 

a quadratic differential equation, perhaps more clearly written 

ldx\ — tdx x dx % + Mel — • ( 6 0a ) 

If this equation be satisfied by choosing aj 3 as a function of x x in accordance with 
it, or more symmetrically x t and x 2 as functions of tf, in accordance with (60), 
equations (59) can be satisfied. It is possible, therefore, to assemble the lines of 
the congruence into developable surfaces in an infinity of ways. The congruence 
contains two families of oo 1 developable surfaces, which are obtained by integrating 
the two differential equations obtained by factoring (60). 

Suppose that & = Z = 0, t=f= 0. Then the two families of developables are 
obtained by putting either x x or x t equal to an arbitrary constant, i. e. the curves 
xi= const, on the surfaces S y and S„ are the curves in which the developables of one 
family intersect these surfaces, and the curves x t = const, are the curves in which 



346 Wilczynski : Invariants of a System of Linear Partial 

the developables of the other family intersect S y and S z . But equations (28) 
show that we may always choose new independent variables & and £ 2 , so that for 
these h and I both vanish, if h and I are not zero in the first place, provided ft — 4M 
is not zero. We have merely to take for ^ and £ s two independent solutions of 
the equation 

\dxiJ dxx dx z \dx z J ~~ " ' 

Therefore, if ft — 4hl does not vanish, and we introduce new independent 
variables £ x and £ 2 by putting 

£ 1 = h 1 (x 1 ,x 2 ), g a = h,(x l ,x t ), 
where £ x and £ 2 are two independent solutions of the differential equation 

\dxxJ dx x dx % \dx z J ' 

the curves £ x = const, and £ 2 = const, represent the curves on both surfaces S y and S„ 
in which these surfaces intersect the two families of developable surfaces of the 
congruence. Moreover this choice of parameters is characterized by the conditions 
h— 1=0. 

It must be possible to determine the functions a, /3, y , & in the transfor- 
mation 

y = an + 0£, z = yy, + % (62) 

in such a way that the surfaces S n and S^ may become those two surfaces which 
contain the edges of regression of the two families of developable surfaces. 
Suppose that the surface S v is the locus of the edges of regression of that family of 
developables corresponding to £ x = const, and JS S that of the developables cor- 
responding to ^ 2 = const. Then P i must lie on a tangent to the curve ^ = const, 
which passes through P n , i. e. an equation of the form 

*$g; + »l+% = 0, (63a) 
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must be satisfied, and similarly an equation of the form 

*J| + <&7+/? = 0. (63b) 

Moreover, we have already assumed that the preliminary reduction 

h = l= 

has been made. "We must therefore have 

5 = 0, c = d—0, a ' = b'=iO, d' = 0, k = l = 0, 

where a, etc., are expressed in terms of a, b, c, etc., by equations (6). 

The conditions c = d = and a! = V = give i = i' — respectively, for 
neither (3 and 8 nor a and y can vanish simultaneously, as that would make 
aS — (3y vanish. We can therefore put 

(3 = — d, <$ = &, oc = — c', y = a', 
and then find 

a = — (ac' — a'c) = — k=0, d' = bd' — b'd — I = 0, 

so that all of the conditions are satisfied. 

The lines of the congruences are clearly the common tangents of the two 
surfaces $, and 8$ thus determined. These are usually looked upon as two sheets 
of a single surface, the focal surface of the congruence. 

If, then, for a system of form (1) the conditions k~l=i = i'=:0 are satis- 
fied, the two sheets of the focal surface of the congruence may be obtained by 
making the transformation 

y = c'yj + dZ, , z = a'v; + b% . 

If t also vanishes, they coincide. The curves x x = const, on $, and the curves 
ic a = const, on S$ are the cuspidal edges of the two families of developables which 
are contained in the congruence. 

We can, however, obtain the focal surface in another, more elegant manner. 

Let the system (1) or 

n = o, n' = o 
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be given in the first place, and let its coefficients be a, b, c, etc. Consider in 
place of this the system 

<?>n + 4>n' = o , #n + a£i' = o, $« — 4> x =£ o, 

whose coefficients A, B, G, etc., are given by (21). Then transform this system 
by putting 

y = av; + (3£, z = yvi + %, 

and denote the new coefficients by A, B, C, etc. We shall then have, in particular 

Uj= ( a (3 + cS) 4> + (a' (3 + c'8) ^ , T = {aa + oy) % + (of a + c'y) a,) , . 
Z> =(fy?+<2S) $> + (&'/? +d'S)ik 5' = (6a + dy) X +(6'a+d'y)o.P 

Let us determine these transformations, so that 

~O=~D = I'=B' = 0. (65) 

Then the new system has the form 






(66) 



The first equation shows that P i is in the plane tangent to S n at P n , and the 

second shows that P„ is in the plane tangent to jS 4 at P i . In other words, the 

line Pr,P( is tangent to both S„ and S if which must therefore be the two sheets 

of the focal surface. 

But in order that equations (65) may be satisfied it is necessary and sufficient, 

(since the possibilities ^ = 4' = 0, and £=a = are excluded, and since the 

8 a 

determinant a$ — 3y must not vanish) that the ratios -^- and — should be 

distinct roots of the quadratic 

{aV — a'b) a, 2 + {ad' — bd + cb' — da') h + cd' — c'd=0, 

whose discriminant is f — 4M. 
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But we have 

{ah — (iy)vi — hy — pz, (a8 — (3y)% = — yy + fa, 
whence 

(a$-Py)»tf = y8[-f-^ j|_^+(^ + ^)^] 

= tf^^i [(«&' ~ a'b) y 2 + (cd! — dd) z 2 + (ad 1 — be' + cV — da') yz] . 

We have then the following result. The factors of the expression 

O = (aV — a'b) f + (ad' — a'd + cV — c'b) yz + (cd! — dd) z* (67) 

are distinct if f — 4kl=f= 0. If they are put equal to v\ and £ respectively, the 
surfaces S n and S i are the two sheets of the focal surface of the congruence. 

One may conclude herefrom that the above expression is a covariant of our 
system. This may be verified analytically. 

Moreover we learn that the condition 

f—4M — 

means that the two sheets of the focal surface of the congruence coincide. 

If this reduction be combined with that of our previous theorem, we notice 
that every system of form (1) can be reduced to the form 



h = xtr +!**,} (68) 

i =vy + pz>) 



provided that f — 4M=f= 0. In that case the surfaces S v and S t axe the two (dis- 
tinct) sheets of the focal surface. Moreover, the curves x x = const, on S s and 
the curves x z = const, on S, are the cuspidal edges of the two families of devel- 
opable surfaces of the congruence. 

The curves x y = const, and a^ = const, are conjugate curves on each of 
these surfaces. For, if we differentiate both members of the first equation of 
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(68) with respect to £c x and those of the second with respect to x s , we find 

Hy 1% — 1^ + (iii + Up) y z + (*a + (iv) — X (fit + w)l V,) ( 69 ) 

v*u = (v 8 + Xv) 2a + rpsa + [» (p z + py) — p (r, + Xv)] e . J 

But any four functions of x x , x 2 which satisfy an equation of the form 

m , 30 ,, do , fl _ n 



3a;! 3aj 2 3x a 3a; 



a 



can be taken as the four homogeneous coordinates of the points of a surface on 
which the curves x t = const, and a% = const, are conjugate lines.* 

If the sheet of the focal surface $, degenerates into a curve, it must be 
possible to find a function of a^ and x % , such that the ratios of yi (1) , »? (2) , yi (3 \ Yi (i) are 
functions of 8 alone. This is the case if in equations (66), F= 0. For let >/ , 
vf k) be any two solutions of the equation 

*-& + *& + *=•• 

then their quotient satisfies the equation 

whose most general solution is an arbitrary function of any particular solution 0. 
Moreover any four functions whose ratios are functions of 6 alone always satisfy 
an equation of this form, so that the condition F= is necessary as well as 
sufficient. 

To express this condition in invariant form, let us assume in the first place 
that i = . We have seen that we can always assume that this is the case by 
choosing the functions <p, 4s % a nd a properly and considering the system 

$n -f 4rr = o, ^n + ©q' = o, $o>— $% =£ o, 



*Darboux, Theorie des Surfaces, Tome I, p. 122. 
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instead of D. = D.' = . Then make the transformation 

y = a,vi + P£, z = yyi + h£. 

The first equation should assume the form 

SpL + lpL + ^^o. 

ox 1 ox % 

Therefore, we must have c = d =/= 0, or 

ap + c8 = 0, b@ + do = 0, ) (7Q , 

The first two conditions can be fulfilled by putting 

P :8 = — c:a = — d:b, 
since * = ad — be = . 

If we differentiate each of these conditions with respect to a*i and x% and use the 
resulting equations to eliminate p it p z , 8 t , 8 Z from the third condition, we find 

(e-a 1 — b z )Pl+(f-c 1 -d z )S = 0, 

or, according to (12), 

pP + qh=0, (71) 

which, together with the first two conditions, gives 

r = aq — cp = 0, s = bq — dp = 0, (72) 

for p and $ cannot vanish simultaneously. On the other hand, if these condi- 
tions are satisfied, one finds c = d =/= on making the above transformation. 
Therefore, the conditions r = 0, s = 0, are necessary and sufficient to make 
one of the sheets of the focal surface degenerate if i = 0. 
48 



352 Wilczynski : Invariants of a System of Linear Partial 

If we refer everything to the normal form for which i = i' = , which 
always exists if ft — AM :£ , we see that if r = , s =0 , the sheet S„ of the focal 
surface degenerates, ifr l, = 0,s'=0 the sheet $> degenerates. Ifr = r' = s=:s'=0 
both sheets of the surface become curves ; if ft — AM also vanishes, these two focal 
curves coincide. 

If the system of differential equations be reduced to its canonical form (68) 
for if 2 — 4&?=£ 0. if r— 0, fi must vanish, and the first equation becomes integ- 
rable by quadratures. Similarly the second for r 1 = . 

Therefore one of the equations of our system becomes integrable by quadra- 
tures if, when written in the canonical form, either r and s or r' and s' vanish, 
i. e. if one of the sheets of the focal surface reduces to a curve. Both equations 
are integrable by quadratures if r, s and r', s' both vanish, i. e. if both sheets of 
the focal surface reduce to curves. This presupposes however a reduction to the 
canonical form, which requires the factoring of the quadratic covariant O (equa- 
tion (67)), and the solution of equation (61), which is equivalent to the solution 
of the ordinary differential equation (60a). 

Let us construct a canonical form for the case ft — AM—0. We can assume 
for the first equation the same canonical form as before, so that our system will 
certainly have the form 

by 2 + ey+fz=0, b=f=0, 

«Vi + b 'Vz + c 'zi + d% + e'y +fz = 0, 

whence h = 0, I = bdl, to = , n = — be', t = bd. 

But in this case ft — AM= 0, so that c' must vanish. But then we can eliminate 
y % from the second equation by means of the first, which gives the canonical 
form sought 

» = * + »*i (TI) 

«2/i + d%~ vy + oz.) 
By differentiation we find 
(id'y^ =^a'y l + [d'((i 2 + ty)— pp]y 9 + [(V — (i^)d' + (i(^p— pv)] y, (74) 
which proves that the lines of a congruence, the sheets of whose focal surface coincide, 
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are tangents to one of the two sets of asymptotic lines of that surface. For, any four 
solutions of an equation of the form 

^ = O0! + h% + cO 

define a surface upon which the curves x x = const, are asymptotic lines.* 

An exceptionally interesting example can be given for such systems XX = , 
XI' = 0, for which both sheets of the focal surface degenerate. For, consider the 
system, well known in the theory of functions, 

a = p-+Zl = o, a = p--p- = o, (75) 

OX % ' OXx ox x ox z v ' 

for which we find 

i=z — 1, i' = _i, k= — l, l= — l, rn = n = t=0, f — <Lkl=—4 

In order to make i and i' vanish, we consider the system 
$D + ^X1' = 0, % X2 + oXl' = 0, 

instead, where we put 



which gives us 



<?> = V— 1 , 4> = 1 , 
x = — V— 1, a = l, 



dx x dx % dx x dx z ' 

i^ _ v^i ^L — V^i — - — = 

3a;! dx. z dxi dx z ! 



for which 



Je = — W — 1, l= — 2*/— 1, tn = — 2, rc = — 2, <=0, £ 3 — 4/W=16, 
so that its focal surface degenerates into two distinct curves. 

* Darboux. Theorie des Surfaces, Tome I, p. 144. 
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To find these curves we make the substitution obtained by factoring the 
covariant G, i. e. we put 

y — s/ — lv; + V — 1£, z=*7 — £, 
which gives 

and therefore 

,,<»>:=/« fo + fcfc), £» = w («i — fe>), (&=1, 2,3,4), (77) 

where the f (k) and g {h) functions are arbitrary functions of the two independent 
arguments a^ + fag and a^ — ix z , so that equations (77) represent two arbitrary 
curves, whose points are put into an arbitrary correspondence with each other. 

Therefore, the partial differential equations of the theory of functions represent 
any congruence whatever, which is made up of the lines intersecting two distinct 
curves. Any system of partial differential equations of form (1), for ichich 
i— i 1 = r = r' = 0, can be transformed into the canonical form 

i^ + _^- = 0, dy — dz — 0. 

dx z dx 1 ' dx x dx z 

"We can make another interesting application. Let us suppose that 
f — 4M =f= , and that the sheet S y of the focal surface is a surface of translation, 
which may be generated either by the curves x x = const, or x % — const. More- 
over let us assume that our coordinates are cartesian. Then the first equation of 
(69) must reduce to y x% — 0. We must, therefore, have 

for (i cannot vanish, since the surface 8 y would otherwise degenerate into a curve, 
as shown by (68). Therefore, we find v = 0, i. e. the second sheet of the focal 
surface is a curve. We can therefore enunciate the following theorem : 

Consider the congruences formed by the tangents of the curves x x = const, and 
x 2 = const, of a surface of translation, the surface being capable of being generated 
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by the translation of either a curve x x = const, or x % = const. All of the lines of such 
a congruence intersect a curve. 

This theorem is essentially the converse of a theorem of Lie's.* 

§9. — Catalogue of types. 
We have seen that, if t z — 4M :£ 0, system (1) can be reduced to the form 

Vz = % + (&, *i = vy + pz- 

But this can be simplified. For, if we put 

— / kdx 2 - fpdxi 

y — y.e J , z = ze J , 

we find for y and 5 a system of the form 

y z =Jiz, Z! = vy. (78) 

If f — Akl — 0, we have already found for the system the form 

» = * + *". | (73) 

a'y x + d% = vy + pz. ) 

Let us assume d' =£ 0, and put 

y = ye'' , z — ze J d 

Then (73) becomes 

y % = p.z, ay x + z z = ^ 8 . (79) 

If d'= 0, (73) becomes 

^a = ty + V, dy\ = *y + pz- 

* Lie-Scheffers, Geometrie der Beriihrungstransformationen, p. 888. 
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We may now assume a'zpO, for otherwise we could at once reduce our system 
of equations to a single equation of the first order. We may therefore put 

- fir** 

y = yeJ a , z = z, 

which gives y 2 = %y -j- p.z, y x = pi. (80) 

In this case the congruence degenerates. For we have 

— m +p y* = ~fiy, 9^ — yi- 

The first equation shows that the focal surface is, in this case, a curve. The 
second shows that P e is always on the tangent to this curve constructed at P y . 
Instead of o° 2 straight lines, we have therefore merely <x 1 , the tangents of the curve 
described by P v . By writing pi = z' and then dropping the strokes, we can 
write for this type more simply 

y 1= s2, y 2 = ty + nz. (81) 

We have found, therefore, the following typical forms for systems of partial dif- 
ferential equations of form (1) : 

I. f— 4hlj=0, y 2 = tiz, z x — vy; \ 

II. f—4M=0, y 2 = iiz, ay 1 +.zz = vy; > (82) 

III. f — 4M=0, y x — z, y 2 = ty + nz.) 

Any system of form (1), which cannot be reduced to a single equation, can 
be reduced to one of these forms. It now becomes a simple matter to decide 
whether two such systems are equivalent. The systems are reduced to their 
typical forms and these are compared. If the types are equivalent, the same 
thing is true of the original systems. 

§10. — Laplace transformations. 
A linear differential equation of the form 



dxdy dx dy 
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can be transformed into another of the same form by either of the transformations 

ai== 4 +aa ' z - i== ^ +6a '* (84) 

Thus from any equation of this form a single infinity of other equations is 
obtained by the transformation of Laplace. The original equation has two 
invariants 

h=^--\-ab — c, Jc = ~ — \~ ab — c, 
ox ay 

and if either of these is zero, the equation can be integrated by quadratures. 
Each of the equations, obtained from the given one by the method of Laplace, of 
course, also has two invariants, and if either of these vanishes, that equation and, 
therefore, the original one can be integrated by quadratures. A great many 
interesting investigations can be attached to the theory of these transformations. 

M. Darboux has interpreted the transformation geometrically, in a beautiful 
manner, and it is on the basis of this geometrical interpretation that we shall 
introduce Laplace transformations of our system. 

If z (1) .... g (4) are 4 solutions of (83) and are taken as the homogeneous coor- 
dinates of a point in space, then the locus of this point is a surface upon which 
the curves x = const., y = const., form a conjugate system. Consider the curves 
x = const, and construct their tangents. They form a congruence one sheet of 
whose focal surface is the given surface. Clearly the tangents along a curve 
x = const, form a developable surface of the congruence whose cuspidal edge is 
that curve x = const. But we know that the lines of the congruence can be 
assembled into developable surfaces in another way. Consider any fixed curve 
y = const. It intersects the curves x = const. At each of the points of inter- 
section, construct the tangent to the curve x = const, at that point. These lines 
of course belong to the congruence, and form a developable surface whose cuspi- 
dal edge lies on the other sheet of the focal surface. Now it is this other sheet 

which is obtained by putting 

dz , 
a, = ~~— + az. 
dy 

* Darboux, Theorie des surfaces. T. II, Chap. 1. 
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In the same way the second transformation arises from the congruence of lines 
tangent to the curves y = const. 

Our transformations are precisely the same as these, geometrically. We 
assume that ft — 4M =£ , so that we may write for our system 

iSk^p* lk =vy - (85) 

The surfaces S y and S t are the distinct sheets of the focal surface of our 
congruence G. The curves x 1 = const, on S y and the curves x z = const, on S z 
are the cuspidal edges of the two families of developable surfaces. We wish to 
deduce from the given congruence G another one G 1 which shall have the surface 
S, in common with G as one sheet of its focal surface. But we shall assume that 
in this second congruence the curves x x = const, on S z instead of x z = const, shall 
be the cuspidal edges of the one set of developable surfaces. Every line of the 
new congruence is then tangent to a curve x x = const, on the surface 8 t and, 
therefore joins P t to a point on such a tangent, which we shall call P i . We 
must therefore put 

fl = z, f = aa + ||. (86) 

But as P, moves along a curve x z = const., the line P t P{ must describe a devel- 
opable surface of the congruence G, which has its edge of regression on the, as 
yet unknown, second sheet of its focal surface. We wish to determine Jl so that 
P,. shall be a point of this edge of regression. This is so if, and only if, during 
this motion the line P Z P ( always remains tangent to the curve described by P it 
i. e. if an equation of the form 

be fulfilled. If we substitute for f the value from (86), we find 

% + «% + a x z = (3z + yaz + yz^, 
or z Ja + azx — lyzz + (a a — (3 — ya) z = . 

But, on the other hand, we have, if we put X = p = in (69), 

ram = v z z x + (ivh 
or v« __ n 
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The two equations must be identical, as they represent the same surface iS t 
referred to the same conjugate system. Therefore, 

a = — -^-, y = 0, <*! — (3 = —fiv, 

whence we see that the transformation (86) becomes 

dz 
dx. 



n = z, £ = _-?„+* (88) 



Equations (87) and (86) give 

3£ __ |~ 3 a log v~\ dn_ _ v i d log** 

If we introduce — yi in place of vi , we obtain the following result. The 
v 

congruence G x is obtained by making the transformation 

„«.!., £=-J^+|^, (89) 

and its equations are 

-^L~^L r 3^ „- / , _ <? log » V, C89 a ) 

3a? a i> 3«i \ 3^3^ / 

Similarly another congruence G_ x is obtained by putting 



viz. 3>7 

3x» 






The repetition of the first transformation gives rise to a sequence of congru- 
ences G lt G 3 , G s , and the second gives rise to a similar sequence G_ x , G_ z , 

C_ 3 , etc. If this sequence is finite in either direction, one of the sheets of 

the focal surface of the last congruence thus obtained degenerates into a curve. 
This takes place for G x for instance if 

_ 3 8 l°g v — o 
dx x dx z 

49 
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It should be noted that for our system, the quantities r,s,r', s', become 
r = 0, s = — ^, r' = + r, *'=0, 

so that clearly the coefficients of the various systems obtained by Laplace trans- 
formations are expressible in terms of r' and s, which take the place of the 
quantities h and h in the theory of the differential equation of Laplace. 

The entire theory of the differential equation of Laplace can clearly be pre- 
sented from this new point of view. 

Moreover it should be noted that, although we have used the canonical form 
of our system of differential equations to deduce the form of the Laplace transfor- 
mations, we might have used its unreduced form. Then it is clear that the various 
dependent variables introduced by the successive Laplace transformations will be 
connected covariantly with our system of partial differential equations. 

Paris, September 15th, 1903. 



